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Q , Abstract 

Let Y be a locally convex Hausdorff space, K C E a cone and <k the partial 
order defined by K. Let (X,p) be a TVS— cone metric space, ip : K — > K a 
vectorial comparison function and / : X — > X such that 



<C ! P(f(x),f{y)) <k <p(p{x,y)), 

PL 

for all x,y E X. We shall show that there exists a scalar comparison function 
ip : — > K+ and a metric d p (m usual sense) on X such that 



•3 



> 



d P (f(x)J(y)) < ip(d p (x,y)), 

for all x,y £ X. Our results extend the results of Du (2010) [Wei-Shih Du, A note 
on cone metric fixed point theory and its equivalence, Nonlinear Anal. 72 (2010), 



^ I 2259-2261]. 
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1 Introduction and preliminaries 

H, 

Fixed point theory in K-metric and K-normated spaces was developed by A.I. Perov and 
his consortiums ([7], [S], [H]). The main idea consists to use an ordered Banach space 
instead of the set of real numbers, as the codomain for a metric. For more details on 
fixed point theory in K-metric and K-normed spaces, we refer the reader to [15] . Without 
mentioning these previous works, Huang and Zhang (6] reintroduced such spaces under the 
name of cone metric spaces but went further, denning convergent and Cauchy sequences 
in the terms of interior points of the underlying cone. They also proved some fixed 
point theorems in such spaces in the same work. After that, fixed point results in cone 
metric spaces have been studied by many other authors. References P,[3], [10], [H], [12] . 
[T3] are some works in this line of research. However, very recently Wei-Shih Du in [5] 
used the scalarization function and investigated the equivalence of vectorial versions of 
fixed point theorems in cone metric spaces and scalar versions of fixed point theorems 
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in metric spaces. He showed that many of the fixed point results in ordered K-metric 
spaces for maps satisfying contractive conditions of a linear type in K-metric spaces can 
be considered as the corollaries of corresponding theorems in metric spaces. 
Let E be a topological vector space (for short t.v.s) with its zero vector 9e- 

Definition 1.1. ( |5]/, JBj/) A subset K of E is called a cone if: 

(i) K is closed, nonempty and K ^ {Oe}; 

(ii) a, b G R, a, b > and x,y G K imply ax + by G K; 
(in) K fl —K = {6 E }. 

For a given cone K C E, we can define a partial ordering <x with respect to K by 
(1.1) x <k y if and only if y — x G K. 

We shall write x <k y to indicate that x <k y but x ^ y, while a; C )/ will stand for 
y — x G intK (interior of K ) . 

In the following, unless otherwise specified, we always suppose that Y is a locally 
convex Hausdorff with its zero vector 9, K a cone in Y with intK ^ (3 , e 6 m£K" and 
<x a partial ordering with respect to K. 

Definition 1.2. f f^j) Let X be a nonempty set. Suppose that a mapping d : X x X — >■ K 
safeties: 

(V ^ — k d(x,y) for all x,y G X and d(x,y) = 9 if and only if x = y; 
(ii) d(x, y) = d(y, x), for all x, y G X ; 
(Hi) d(x, y) <k d(x, z) + d(z, y) for all x,y, z G X . 

Then d is called a TVS-cone metric on X and (X, d) is called a TVS-cone metric space. 
The nonlinear scalarization function £ e : Y — > K is defined as follows 

£ e (y) = inf{r G R | y G r ■ e - X}. 
Lemma 1.1. f W) For each r G R and j/gF, tae following statements are satisfied: 
(i) £ e (y) < r if and only if y G r ■ e — X; 
Ce(y) > r if and only if y ^ r • e — K; 
(Hi) £ e (y) > r if and only if y £ r ■ e — intK; 
(iv) £ e (y) <t if and only if y G r ■ e — intK; 

(vi) £ e (") is positively homogeneous and continuous on Y; 

(vii) ifyiey 2 + K then £ e (y 2 ) < £ e (.Vi); 

(viii) £ e (yi + V2) < Ce(yi) + ieiyi), for all yt,y 2 G Y. 

Theorem 1.1. ( f^) Let (X,p) be a TVS-cone metric space. Then 

d p : X x X -> [0, oo) 

defined by d p = £ e o d is a metric. 
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2 Main results 

Definition 2.1. Let K G Y be a cone. A function if : K — >■ K is called a vectorial 
comparison function if 

(i) k\ <p k2 implies f(ki) <p ^(fe)/ 

(ii) <p(Q) = and < P if(k) < P k for k G K - {0}; 
(Hi) k G intK implies k — f{k) G intK; 

(iv) ift >0 then lim <f(t ■ e) = (p(to ■ e). 

Example 1. (i) if K is an arbitrary cone in a Banach space E and A G (0, 1), then 
if : K — )■ K , defined by f{k) = Xk is a vectorial comparison function; 

(ii) Let E = M. 2 , K = {(x,y) \ x, y > 0} and let fi,f2 '■ [0, 00) — > [0, 00) be such that 

(a) fi,<f2 are increasing functions; 

(b) ift>0 then <fi(t) < t for i = 172/ 

(c) <fi,<f2 ore right continuous. 

Then <f : K — ^ K, defined by f(x,y) = (ifi(x),f2(y)) is a vectorial comparison 
function; 

Definition 2.2. ( flJ^ ) A function (f : IR + — > K + is called a scalar comparison function 
if 

(i) t\ < t2 implies f(ti) < f{t2); 
(ii) f n (t) n 4°° for allt>0 

The following lemma will be useful in the sequel 

Lemma 2.1. ( [Lffl ) If f : M+ — > K+ is increasing and right upper semicontinuous then 
the following assertions are equivalent: 

(a) f n (t) n 4°° for all t > 0; 

(b) fit) < t for allt> 0. 

Lemma 2.2. We consider M : R — > Y, M(r) = r ■ e. Then we have 

(1) M(0) = 9; 

(ii) if r\ < r2 then M(r{) <k Mfo); 
(Hi) y < K M o £ e (y) for all y G Y; 
(iv) £ o M(r) < r for all r G M; 

(v) ifyi < y 2 then ^fa) < £ e {y 2 ) . 
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Proof: 

(i) It is obvious; 

(ii) Let be r% < r 2 . Then (r 2 — r\) • e G K. Thus M(ri) <x M(r2); 

(m) Since £ e (y) = inf{r G R | y <k r • e} it follows that y <k £ e (y) ■ e = M o £ e (y) for 
all y G Y; 

(iv) Let be r 6 1. Since {r' G R | r ■ e <x r' ■ e} D {r' G R | r < r'} we get 
£ e (M(r)) = £ e (r • e) = inf{r' G R | r • e <x r' ■ e} < inf{r' G R | r < r'} = r. 

(v) Let be y\ <C y 2 . We remark that y\ <C y 2 <k Ceivz) 4 e - Then, via Remark 1.3 of 
Radenovic and Kadelburg [IT], it follows that y\ <C £ e (j/2) - e. Hence y\ G ^(2/2) -e — intK. 
By using Lemma O (iv) we get £ e (j/i) < ^(2/2)- 

Theorem 2.1. Let (X, p) be a TVS-cone metric andtp : K ^ K be a vectorial comparison 
function such that 

P(f(x)j(y)) <k y(p{x, y)), 
for all x,y G X. Then there exists a scalar comparison function if) : R + — > R + such that 

d p (f(x),f(y)) < ip(d p (x,y)), 

Then 9 < K M(t). It follows that M(t) G K for all t G R+. 

tjj : R+ R+, 

all t G R+ we have 

< £ e o ^ o M(t) <£ e o M(t) < t. 
Now, we remark that for each x, y G X we have 

d p (f(x),f(y)) <C e o^ip(x,y)) <CeO^(M(Ce(p(x,y)))) =i){d p {x,y)). 

We claim that ^ is a scalar comparison function. Since £ e , and M are increasing 
functions, it follows that ip is increasing function. In order to prove that tp n {t) ™ for 
all t > 0, we shall use Lemma [2.11 Next we show that %p{t) < t for all t > 0. 

Let be to > 0. Then to ■ e G intK. Therefore y?(to ■ e) ^ to ■ e. It follows that 

^(*o) = £ e ¥>(*o ■ e) < £ e o M(t ) < *o- 
Since lim ■?/>(£) = lim £ e o <^(t • e) = £ e ( lim ip(t ■ e)) = £ e ¥>(to • e) = V^o) it follows 
that ^ is right upper semi continuous. Hence ^"(t) n ^^>° 0. 

Corollary 2.1. Let (X, p) be a complete TVS cone metric space and tp : K — >■ X a 

vectorial comparison function such that 

p(fxjy) < K (p(p(x,y)), 
for all x,y G X . JTien, / /ias a unique fixed point x . 



for all x,y G X. 

Proof: Let be t G R+. 

We define 

First, we note that for 
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Proof: We apply Theorem 12.11 and Theorem 1 pp 459 of Boyd and Wong (PJ). 

Remark 2.1. For tp(k) = A • k, AG [0, 1) we obtain, via Lemma \2. 2\ (iv) and Corollary 
[Ql the results of W.S. Du J5j/. 

Remark 2.2. Let (X,p) a cone metric space. For <f(k) — A • k, A G [0, 1) we obtain, via 
Remark \2.1\ the results of L.G. Huang and Zhang Xian JEj/. 

Let (X, d) be a TVS cone-metric space and let <p : K — > K be a vectorial comparison 
function. For a pair (/, g) of self-mappings on X consider the following conditions: 

(C) for arbitrary x,y G X there exists u G {d(gx, gy),d(gx, fx),d(gy, fy)} such that 
d(fxjy) < P cp(u). 

(Ci) for arbitrary x,y & X there exists tw G {d p (gx, gy), d p (gx, fx), d p (gy, fy)} such that 

Remark 2.3. T/ie condition (C) imply the condition (Ci). 

Indeed since the condition (C) hold, it follows that at least one of the following three 
cases holds: 

Case 1: u = d(gx,gy). Then 

€e(p(fx, fy)) <p(u) < £ e o (p o M(^ e («)) = ^(d p (gx, gy)) 

Case 2: u = d(gx, fx). Then 

te(p(fx, fy)) <£ e ° f(u) <^ e op M(£ e (u)) = ip(d p (gx } fx)) 
Case 3: u = d(gy, fy). Then 

ieWx, fy)) <te° <p(u) < ie ° <P ° M(£ e (u)) = ip(d p (gy, fy)) 
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